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Hierarchical PDE-Governed Bayesian Inverse Problems

» Find parameter function m from measurements y of PDE solution:
y=Am+e¢e, A alinear PDE

» Low-dimensional hyperparameter 6 generalizes Gaussian prior and likelihood:

m o~ N(ppe(0), Qi (0)), € ~N(0,Q-1(0))

» Goal: marginalize out hyperparameter to get w(m|y)
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Example: Initial Condition Inference in Advection-Diffusion
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Find initial concentration from measurements at later times.

up — kAu~+v-Vu =0 in Qx[0,7T] m ~ N(0,07%(1 = yA)"%) (Matérn)

B _ e~ N(0,0°1)
u(z,0) =m(x) in Q 0 = [v,6,0], 7(6) uniform
kVu-n=20 on Of).
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Marginalization

w(mly) = [ 7(ml6,y) 7(0ly) db

Gaussian 77

» Empirical Bayes (EB): w(m|y) =~ 7(m|0*,y), where 8* = arg max m(0|y)
» Fastest approximation, Gaussian

» Quadrature around 6*
» Slightly slower (for low dim 6), mixture of Gaussians

» MCMC sampling
» Typically most expensive, mixture of Gaussians

All require many 7(6|y) evaluations!
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Hyperparameter Marginal

w(m.0,) = w(m|6, y)r(6ly)n(y) = w(0]y) ox jrmg)) B “y'm;%ﬂfme)

plug in Gaussian densities and cancel m:

/2

|Qurl|Q:]) 1

m(6ly) o (|Q|’ exp (=5 (101 + Nl = Nipost ] ) 7(6)
pos

onst - Qpr + ATQEA

7T(nl|97y> = N(:U’ os 7@7015 ) —
post post Hpost = onlst(Qpr,U/pr + ATst)
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Computational Challenges

/2
[QerllQ: ) !
w(6l) o (“2%D) e (< (18, + oy, o] ) 70
pos

» No access to matrices A, Qpr, Qpost! Can only apply to vectors.

» A, AT very expensive to apply, e.g., 3D time-dependent PDE solve

> fipost = Qpost(Qprftpr + ATQ-y) requires iterative applications of A, AT
» |Qprl, |Qpost| = 00 as discretization of m is refined
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Standard Approach?: Low Rank Approximation

Data usually informs posterior in a low-rank subspace

onst = Qpr + ATQEA
———

precision update

Prior-preconditioned (PP) update is even lower rank (in fact, optimal!)?
Q;«l/QATQaAQ;rl/2 ~ ‘/TATV;T
Final approximation:

Qpost & Qpostyr = Qo> (I + VA V,QY?

1Spantini et al., 2015
2Bui-Thanh et al., 2013
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Standard Approach: Pros and Cons

Posterior covariance and determinant ratio can be found explicitly:

_ _ _ . i
polstm = Qprl/Q([ - VTDTV;“T)QPVUQ’ D, = diag ()\- + 1)

_log |Qpr| :Z]og<1+)\l)
|onst,r| i=1

If 0 in Q,'*ATQ.AQ,"* is only multiplicative, approx can be precomputed.

But for non-multiplicative hyperparameters, e.g., Q, = 0°(1 — yA)?, approx needs
to be recomputed for each 6.

Assumption: non-multiplicative only in @)y, not ().. Multiplicative are 1, WLOG.
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Weakest Preconditioning (WP)

Idea: offline, approximate update preconditioned with a different reference prior Qpr:
Q;1/2ATQ5AQ;1/2 ~ ‘A/r]\rf/;:r
Online, undo reference prior and add back current prior:

Qpost = Qpostr = Q> (T + Q' QY VI AV QY QM *)Q)?
= QY (I + VA V,NHQY?

"Weakest" because stronger (), can over-precondition and underestimate rank
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Truncation Error

Approximation introduces error in two terms:

QOS
08 010 (~ 108 T 619)) = 5108 1521 5 1t + A7 Qi g
post r post s post
_/_/

e1 e2=0

» ¢, can be bounded!

> ey is trickier, and often bypassed by solving fipost = @Qpast(Qprttper + AT Qcy)
exactly with CG preconditioned with @) post,r
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Theoretical Results

Lemma (PP Error Bound)

1 n
er(r,0) < 3 > Ai(0) = chooser s.t. A\yq1(f) < 1
i=r+1

Theorem (WP Error Bound)
lf@,,r = Qp(8) for all 8, then

1 A LN A
el(7,0) < 3 (f)\fﬂ + Z )\i) = choose 7 s.t. \j11 < 1
|

WP exchanges 6-dependent bound for higher, 6-independent bound.

11/19



Unpreconditioned Method (UP)

What if there's no reference prior that satisfies Qp, = Qu(0)?
E.g. gamma hyperpriors, instead of uniform.

Alternative: o
ATQ. A~ VAV,

Qpost = Qpost,r = Qo> (I + Q' *V,A V. Q. )Qh?

= Q2 (I + VA V,HQL

WP error bound applies, with Q,, = ¢I for some ¢ (defined in dim(m) — oo limit).
No preconditioning = slower eigenvalue decay = larger error bound
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PP

For each 0:
» low rank approx
» evaluate det. ratio
using \;
> CG iteration for fipost

Algorithm Summary

WP

Offline
» low rank approx
For each 6:

» replace
preconditioning

> evaluate det. ratio
using \;
» CG iteration for fipost

UP

Offline
» low rank approx
For each 6:
» add preconditioning
> evaluate det. ratio
using \;
» CG iteration for fipost
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Cost Comparison of N Evaluations of 7(0|y)

A, A" applies dominate cost, followed by Q,, applies/solves
» Low-rank approximation: 2r A, AT applies, using randomized methods
» Each of ¢ CG iterations: 2 A, AT applies

PP WP uP

A, AT applies | 2N/ + 2Nr 2N/( + 27 ON/( + 27
Q,, solves N(r+1¢) N(FE+0)+7 | NF+4)
Q. applies | N(@3r+/() | N(47+ () +37 | N(3r +{)

WP and UP avoid O(Nr) PDE solves at the cost of additional cheaper prior
computations
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Back to Advection-Diffusion Example

t=0 t=10.5 t=2 t=4

m ~ N(0,672(1 —yA)~2) (Matérn) Qol: avg. init. concentration in red box, g

e ~N(0,0%I) _ Find 7(¢|y) from measurements along
0 = [v,0,0], m(0) uniform building edges at later times.
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103

Rank and Error: PP vs WP vs UP
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Stronger preconditioning = lower rank, lower error
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Marginalizing the Qol

Modest but visible improvement over Empirical Bayes
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Timing Comparison, 100 Evaluations of 7(0|y)

PP WP upP
time, 2D 870 s 79 s 86 s
time, 3D | 65.6 hrs | 2.02 hrs | 3.00 hrs

WP achieves speedup of ~ 30x on 3D problem!
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Conclusions

» Marginalization is expensive, especially with nonlinear prior hyperparameters

» Low rank approximation can be adapted with a different preconditioner (WP)
to amortize cost across 7(f|y) evaluations

» Future work: nonlinear or 6-dependent PDE A
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