Math Stats Recitation 11

TA: Sonia Reilly

April 17, 2026

Lecture Review

Lecture 20: Simple Linear Regression
Standard statistical model:
yi = Bo + Prai +ei, Elei] =0, Var(e;) = o

Task: Given fixed z;’s and the corresponding y;’s, find best fit /3,, 81 (intercept + slope).
Standard method: minimize squared sum of residuals:

0,91 .

Bor B1 = arg min } (i = B — Pra)?

Can be solved explicitly by setting derivative to 0:
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50 and Bl found by least squares are unbiased, and we can calculate their estimated variances:

2 2 n 2
S S E 1 T
32A - — S% i=1"1

D SN ) A T SN C R

where s? = 1 Zg‘:l(y}- — By — Bra4)? (estimator for o2).
Can show for i = 0,1, @ — N(0,1), or ~ t,_g if ¢; ~ N(0,02). Lets us form CI's and tests.
ﬁ.

Linear model is very genezralizable. E.g., to find ¢,, c1,co in

Y= co+clx+02x2

let @; = [ié] and 3 = [Cl} .

i €2

Lecture 21

Model accuracy Plot residuals e; = y; — Bo — lei to check whether your model is good. Any
dependence of e; on z (e.g., heteroskedasticity = variance depends on z) suggests the model is
insufficient.



Correlation and regression slope If you normalize z;’s and y;’s (subtract out mean, divide
by std dev), the correlation is the slope of the normalized x;’s and y;’s. More mathematically,
approximate the variances and covariance by

1 & 1 & 1 &
Saa = EZ(xi_@v Syy = EZ(%’—?)’ Szy = 52(%—5)(%—@)
=1 =1 =1
Then the best fit line is
N A A Ui — Y Ty — T
P = —+ D1x; < =7r-
Yi BO 61 7 Syy S:m:
where r is the correlation g
r=——2—¢c[-1,1].
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Linear algebra view Extension to x;’s that are vectors.
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Each row of X is a data point, and each column is a feature.
Least squares:

min ||y — XB||3.
BERP |y 12
Taking derivative in every (; and setting to 0,

—2xTy-xp=0 = X'xp=XxTy = B=(XTX)"\(xTy).

“normal equations”

Assumes X7 X is invertible, which assumes n > p (overdetermined, more data points than features).

Random vectors Covariance of a random vector z: ¥ =3, = E[(z — E[2])(z — E[2])T].
Zij = COV(ZZ', Zj), Yii = Var(zi), > is symmetric.

Linearity of expectation: E[Az] = AE|[z].

Covariance of linear transformation: ¥4, 4, = A, AT

Expectation of quadratic form: E(z7 Az) = Tr(AX) + u? Ay (u = Ez2).

Worksheet Problems

1. Which of the following are random variables, under the standard model of linear least squares
regression?

(v =random, x = not random)



(C) € .. v
(d) o2 ... x
(e) (Bo,P1) ... X
(f) (Boyf1) ... ¥V
(g) Cov(fo,f1) ... %
2 2
(h) (30’531) -V
2. The Arrhenius equation in chemistry, given by
]{j = AeI:Bi’IU:"

relates the rate of a chemical reaction k to the temperature T'. For a particular reaction, we
are given pairs (75, k;) of rates and temperatures, and we want to find the coefficients A and
E, (kp is a known constant). Set this up as a linear least squares problem, identifying y;, x;,

607 and ﬁl'

Solution: . g
k= Ae 5T = logk = log A — —¢
e FB og og T
E 1
= logk; = log A+ <—a> —
M~~~ kp T;
Yi 60 v
B1 i

3. [14.5] Three objects are located on a line at points 0 < p; < p2 < p3. These locations are not
precisely known. A surveyor makes the following measurements:

(a) He stands at the origin and measures the three distances from there to pi,ps and ps.
Let these measurements be denoted by Y7, Ys, V3.

e goes to p; and measures the distances from there to p2 and ps. Let these measure-
b) H t d the dist f there t d Let th
ments be denoted by Y, and Y;.

(c) He goes to pe and measures the distance from there to p3. Denote this measurement by
Ys.

Using matrix notation, explain how to set up a least squares problem to find p1, p2, ps3.

Solution: We have the following equations:
Yi=pit+e, Yo=prt+es Y35=p3+es,
Yy=-pi+pates, Ys=-pit+pstes, Yo=-p2+p3tes

(Distance is a positive number, so I would interpret this as e.g., Yi = —p;1 + p2, not p; — po
though the solutions at the back of the book disagree with my interpretation.)

In matrix form:

Y1 1 0 0 el
Y2 0 1 0 €9
vsl o o 1f (™ e
vl = [=1 1 of (#2 ey
Ys 10 1| e
Ys 0 -1 1 B €
S
Y X e



Then solve for mingegs ||Y — XB]|3.

Do we need a column of 1’s on the X matrix? No! There is no 8 corresponding to an intercept
term that we are trying to solve for.

. [14.28b] Let X1, ..., X, be independent random variables with means p1, . . ., i, and variances
o? for all i = 1,...,n. Find the expectation of
n n
Q=22 XX
i=1 j=1

using one of the rules we learned for random vectors. Verify your answer in a different
(simpler?) way.

Solution:

Define X = [Xj,... ,Xn]T with mean p and covariance ¥ = ¢?I. The sum is the quadratic
form XTAX where A is a matrix of all 1’s, which we can write as A = 117, where 1 =
[1,...,1]7. Using the identity E[XT AX] = tr(A¥) + pu? Ap:

tr(c?117) = o2tr(117) = no?

2
pr1ty = (Z uz)

Summing these gives no? + (3 u;)2.

Alternative solution, not using the rules from lecture: Observe that >, >, X;X; = (3 X;)%
Let S = 3" X;. Then E[S?] = Var(S)+(E[S])?. Since the variables are independent, Var(S) =
no? and E[S] = 3" p;. Substituting yields:

B[Q] =no® + (Y mi)



