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Goal

To characterize the posterior of a hierarchical linear PDE-governed
Bayesian inverse problem modeled as a latent Gaussian model by com-
puting the marginal distribution of the hyperparameters.

Latent Gaussian Models (LGMs)

Hierarchical model with Gaussian prior:

6 ~ mhyp(0) low-dim hyperparameter
m|6 ~ N(pp(0), Q5 (0)) high-dim latent variable
ylm, 0 ~ mie(ylm, 0)

observed data
Linear Gaussian Bayesian inverse problem as LGM.:
y=Am+e with e~ N(0,Q.0)),

with A a discretization of a linear PDE. Want to characterize n(ml|y).

Example: Hierarchical Initial Condition Inference

Infer distribution over 1nitial condition of advection diffusion equation

(
u,—kAu+v-Vu=0 1 QXx|[0,T]
u(0, x) = m(x) in <

kKVI/t .n=0 on 0Q,

from solution evaluated at points x; and times #;, given Gaussian prior
with unknown hyperparameters.
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e Prior: Matérn Gaussian random field with precision (61 — yA)?
e [_ikelihood mj(y|m, 0): N(Am, Q.(0))
e Hyperparameter 0: prior parameters o, y

e Data: y; = u(x;, t;) + &

e Forward map A: map from discretized m to y

e Hyperprior mm,y,(6): gamma distributions, deliberately uninformative
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Sampling & Integration by Marginalization

Sampling: sample m”™ ~ n(m|y) by

1. sampling 8* ~ n(0|y) (low-dimensional, so can use MCMC)

2. sampling m* ~ n(m|0~, y) (Gaussian, since it is the posterior of a
linear Gaussian Bayesian inverse problem)

Integration:

f Jm)r(m|y) dm = f f f(m)r(m, Bly) dOdm
= f(ff(m)ﬂ(mlé’,y)dm)ﬂ(é’ly)dé’

Can 1ntegrate by sampling as above, or for the outer integral, by quadra-
ture. For quadrature, find max of m(@|y) and set of quadrature points
around the max.

Fast Computation of Marginal: Low Rank Approx

Both require many evaluations of m(0|y) with different 0:

(m, 0, y) mike(ylm, 9)7Tpr(m|0)7z-hyp(9)
O amie.y) (M0, y)
m(m|o, (1m0,
Q2" 7
oC ( |Q | ) CXP (_z [”y“Qg + ||l’l'p1'||Qpr o ”,ulpost”onst]) ﬂhyp(e)
post
where

T
onst — Qpr + A QgA
|
update

and 1,0 are the precision and mean of the Gaussian posterior 7(1m|0, y).

Each evaluation with new 8 requires solving a Bayesian inverse problem.
Computational cost 1s dominated by forward and adjoint PDE solve

in ATQ.A. Instead, compute rank-r approximation using randomized
SVD:
ATQ.A ~ V}A,,VFT.

Costs O(r) PDE solves up front, but each subsequent n(0|y) evaluation
costs no PDE solves.

Decreasing the Rank: Prior Preconditioning

Problem: Large r may be needed, and unclear how to choose r.
Solution: Approximate prior-preconditioned update,

Q,."(0)ATQ.AQ,.*(0) ~ V,A, V],

since (Q,r 1S a smoothing operator that lowers r and implies a natural
bound on truncation error.

But QQ,,; depends on 0!

Weakest Prior Preconditioning

Instead,
Q.. "(00)ATQ.AQ;,*(8p) ~ VA, VT

pr

for some fixed 6y and convert for each 0:

Q.. "(0ATQ.AQ,*(0) ~ Q. (0)Q,[ (B0 VA, V' Q*(00)Qx, % (0).

Choose 0, to be the parameters of the least smoothing, "weakest" prior
to avoid amplifying truncation error.

Initial Condition Inference 7(0|y)

Hyperparameter marginal n(y, d|ly) = n(8|y).

e High probability vy, 6 represent approximate smoothness and variance
of true 1nitial condition

e Unimodal, easy to sample and to integrate with quadrature
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Next Steps

e Use various discretizations of PDE to speed up MCMC
e Find a way to adapt low rank approximation when A depends on 6

e Extend to nonlinear PDEs using 1deas from Integrated Nested Laplace
Approximation
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